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CUBIC SURFACES WITH ONE RATIONAL LINE OVER FINITE
FIELDS
JENNY COOLEY
Abstract. Let Fq be a finite field with q = 8 or q ≥ 16. Let S be a smooth
cubic surface defined over Fq containing at least one rational line. We use a
pigeonhole principle to prove that all the rational points on S are generated
via tangent and secant operations from a single point.
1. Introduction
Let S be a smooth cubic surface defined over a field K. One can define a secant
and tangent process of generating new rational points from old. This process is
somewhat analogous to the group operation on the rational points of an elliptic
curve. The secant operation is defined as follows. Let P , Q ∈ S(K) and P 6= Q.
Let ℓ be the line joining P and Q. If ℓ 6⊂ S then ℓ intersects S in exactly three
points counting multiplicities, i.e. ℓ · S = P + Q + R where R ∈ S(K). If R is
distinct from P and Q then we say we have generated R from P and Q. For the
tangent operation let ΠP be the tangent plane to S at P . Let ℓ be any K-line lying
in ΠP . If ℓ 6⊂ S then ℓ · S = 2P +R. If R 6= P then we have generated R from P .
Although the set of rational points on a cubic surface is not a group nor is the
secant and tangent process a binary operation, one can still pose questions about
the size of a minimal generating set of points. Problems of this type were first
studied by Segre in [7], and by Manin in [5]. In order to study this problem we
define the Span of a set of points in S(K) as follows.
Let Σ be a set of K-points on S. We define Span(Σ) as the minimal set of points
in S(K) that is closed under the secant and tangent operations. So we have Σ ⊆
Span(Σ) ⊆ S(K). Note that we will write Span(P1, . . . , Pn) for Span({P1, . . . , Pn})
for ease of notation.
In [2] the following theorem was proven.
Theorem 1. Let K be a field with #K ≥ 4. Let S be a smooth cubic surface
defined over K containing a skew pair of K-lines, ℓ and ℓ′. Let P ∈ S(K) be a
non-Eckardt point belonging to either ℓ or ℓ′. Then
Span(P ) = S(K).
In this paper I will prove the following Theorem.
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Theorem 2. Let K = Fq be a finite field with q = 8 or q ≥ 16. Let S be a smooth
cubic surface defined over K containing at least one K-rational line. Then there
exists a point P ∈ S(K) such that Span(P ) = S(K).
This theorem extends Theorem 1 in the case where K = Fq and q = 8 or q ≥ 16.
Over Q there is a family of cubic surfaces, each containing a K-line, for which there
exists no point P ∈ S(K) such that Span(P ) = S(K), and in fact the number of
points required to generate S(K) for this family is unbounded. Thus the behaviour
of the secant and tangent process over finite fields is notably different to that over
Q [8].
I would like to thank Daniel Loughran, Samir Siksek, Efthymios Sofos and Dami-
ano Testa for many useful and enlightening discussions during the preparation of
this paper.
2. Useful results
Throughout this paper we will refer to the tangent plane to S at a point P as
ΠP . We also define ΓP = ΠP · S. This is a cubic curve that is singular at P and
may or may not be irreducible. The Gauss map on S(K) is the map that takes a
point P to its tangent plane ΠP . We define γℓ to be the restriction of the Gauss
map to a K-line ℓ ⊂ S. Before discussing some further properties of the Gauss
map, we state the following lemma; a proof of which can be found in [8].
Lemma 1. Let P ∈ S(K). The curve ΓP contains every K-line on S that passes
through P .
This implies that if P ∈ ℓ ⊂ S then ℓ ⊂ ΠP . As discussed in [8], γℓ has degree 2
and we define a parabolic point in ℓ(K) to be a point of ramification of γℓ. A special
case of a parabolic point is an Eckardt point, which is a point where three lines in S
meet. By Lemma 1 all three lines must be coplanar, and since ΓP has degree 3, we
cannot have more than 3 lines in S meeting in a single point. The following lemma,
also proved in [8], gives useful information on the geometry of ΓP for P ∈ ℓ(K).
Lemma 2. Let ℓ be a K-line contained in S.
(i) If char(K) 6= 2 then γℓ is separable. Precisely two points P ∈ ℓ(K) are
parabolic, and so there are at most two Eckardt points on ℓ.
(ii) If char(K) = 2 and γℓ is separable then there is precisely one point P ∈ ℓ(K)
which is parabolic and so at most one Eckardt point on ℓ.
(iii) If char(K) = 2 and γℓ is inseparable then every point P ∈ ℓ(K) is parabolic
and the line ℓ contains exactly 5 Eckardt points.
The degree of γℓ is 2 so non-parabolic points in ℓ(K) come in pairs. Therefore
for Fq with q odd there are either zero or two parabolic points in ℓ(K). For q even
there is exactly one parabolic point in ℓ(K). This follows from ℓ being a copy of
P1K and hence |ℓ(K)| = q + 1.
The configuration of the 27 lines on a smooth cubic surface [6] implies that when
a smooth cubic surface contains fourK-lines, it must contain a skew pair. Therefore
we need only prove Theorem 2 for cubic surfaces containing no more than three
K-lines, all of which must be coplanar.
The following result was proved in [2].
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Lemma 3. Let K be a field with at least 4 elements and S a smooth cubic surface
defined over K. Let ℓ be a K-line contained in S. Let P ∈ ℓ(K) and suppose P is
not an Eckardt point. Then
ℓ(K) ⊆ ΓP (K) ⊆ Span(P ).
3. Proof of Theorem 2
First note that any K-line ℓ in P3K is a copy of P
1
K and hence when K = Fq we
have |ℓ(K)| = q + 1. By the configuration of the lines on a smooth cubic surface
there are exactly ten K-lines in S intersecting any given K-line in S [6]. Thus there
are at most 5 Eckardt points in ℓ(K). This along with Lemma 2 implies that when
q = 3 or q ≥ 5 we are guaranteed the existence of a non-Eckardt point in S(K).
Let ℓ ⊂ S be a K-line. There is a pencil of planes passing through ℓ, hence there
is a bijection between rational points in P1K and K-planes through ℓ. Therefore we
know that there are exactly q + 1 distinct K-planes through ℓ. Let Π be any such
plane and Γ = Π · S. Then Γ = ℓ ∪ C where C is some conic defined over K that
may be absolutely irreducible or may decompose into two lines. The possible cases
are enumerated below.
(1) C is absolutely irreducible and meets ℓ in two distinct K-points.
(2) C decomposes into two K-lines, m and m′, and m · ℓ 6= m′ · ℓ.
(3) C is absolutely irreducible and meets ℓ in two distinct points that are not
K-points, but are defined over Fq2 .
(4) C decomposes into two Galois conjugate lines m, m′, that are defined over
Fq2 but not K. We have m ·m
′ is a K-point, m · ℓ 6= m′ · ℓ, and m · ℓ, m′ · ℓ
are defined over Fq2 but are not K-points.
(5) C is absolutely irreducible and ℓ is tangent to C, so meeting C in exactly
one K-point.
(6) C decomposes into two K-lines, m and m′, and m · ℓ = m′ · ℓ, and hence is
an Eckardt point in ℓ(K).
(7) C decomposes into two Galois conjugate lines m, m′, that are defined over
Fq2 but not K. We have m · ℓ = m
′ · ℓ, and hence is an Eckardt point in
ℓ(K).
Note that in case (7) we have Γ(K) = ℓ(K) since there are no K-points on m and
m′ other than the intersection point m · ℓ = m′ · ℓ = m ·m′.
In cases (5), (6) and (7) the conic C intersects the line ℓ in a single point. Such
a point P is a parabolic point and Π is the tangent plane to S at P denoted ΠP .
The number of parabolic points on ℓ is determined by whether the Gauss map on ℓ
is separable or inseparable as described in section 2. We deal with the case where
char(K) = 2 and γℓ is inseparable separately. In this case we can prove Theorem 2
directly without invoking a pigeonhole principle; indeed this result also holds for
infinite fields of characteristic 2.
Lemma 4. Let K be a field of characteristic 2 containing at least 8 elements. Let
S be a smooth cubic surface defined over K containing at least one K-line, ℓ, upon
which the Gauss map, γℓ, is inseparable. Let P ∈ ℓ(K) be a non-Eckardt point.
Then
Span(P ) = S(K).
Proof. Since γℓ is inseparable every K-point on ℓ is parabolic. This means that
every point in S(K) belongs to ΓP (K) for some point in ℓ(K). By the configuration
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of the 27 lines on a cubic surface [6], there are at most five Eckardt points in ℓ(K).
If more than one of these Eckardt points is of type (6) then we have more than
three K-lines in S and hence a skew pair. Thus we apply Theorem 1 to obtain
the result. Therefore we may assume that there is at most one Eckardt point of
type (6) in ℓ(K). Let P ∈ ℓ(K) be a non-Eckardt point. By Lemma 3 we have
ℓ(K) ⊂ ΓP (K) ⊂ Span(P ). Applying Lemma 3 again gives us that ΓQ(K) ⊂
Span(P ) for all non-Eckardt points Q ∈ ℓ(K). Hence if there are no Eckardt points
of type (6) in ℓ(K) then we have generated all of the points in S(K). Let us then
suppose that there is an Eckardt point of type (6) in ℓ(K), which we will denote
E. Again by Lemma 3 we know that⋃
R∈ℓ(K)\{E}
ΓR(K) ⊂ Span(P ).
Let G := S(K) \ ΓE(K). Observe that G ⊂
⋃
R∈ℓ(K)\{E} ΓR(K) ⊂ Span(P ). Let
Q ∈ ΓE(K) \ ℓ. Note that all points Q
′ ∈ G lie on some conic C of type (5), that
is in ΓP ′(K) \ ℓ for some P
′ ∈ ℓ(K). The intersection ΠQ · ΠP ′ is a K-line in P
3
K ,
not contained in ΠE , therefore ΠQ ·ΠP ′ is not contained in S, and hence intersects
C exactly twice counting multiplicities. Thus the set G \ΓQ(K) is non-empty. Let
Q′ ∈ G \ ΓQ(K). Let m be the line joining Q and Q
′. We know that m 6⊂ S since
m 6⊂ ΓE. Therefore m · S = Q +Q
′ + R, where R 6= Q and hence R 6∈ ΠE . From
whence R ∈ G, which gives us ΓE(K) \ ℓ ⊂ Span(P ) and ℓ(K) ⊂ Span(P ), from
which the result follows. 
The following proposition explains the pigeonhole principle required to prove
Theorem 2 for the remaining cases.
Proposition 1. Let S be a smooth cubic surface over K = Fq. Let T ⊆ S(K) be
such that ℓ(K) ⊂ T for all K-lines ℓ contained in S, and |T | > 12 |S(K)| +
q+1
2 .
Then
Span(T ) = S(K).
Proof. Suppose we wish to generate a point Q 6∈ T and hence not lying on any K-
line in S. In order to do so we require points R, R′ ∈ T and a K-line m such that
m · S = R+R′ +Q. Note that we may have R = R′, in which case Q is generated
via a tangent operation on R. We also know that Q and R are distinct since R ∈ T
and Q ∈ T ′ = S(K)\T , and hence they uniquely determine m. Further note that a
point R ∈ ΓQ(K) can never belong to a pair of points R, R
′ that generate Q since
then we would have m · S = 2Q + R + R′, which would contradict the fact that
m intersects S exactly three times counting multiplicities. We therefore define the
following sets of points in S(K).
G = T \ ΓQ(K)
B = T ′ \ {Q}.
The idea of the proof is as follows: we will define a map φ : G→ B and show that
if Q cannot be generated from the points in G (and hence T ) then φ is injective.
We will then show that if |T | > 12 |S(K)| +
q+1
2 then |G| > |B| contradicting the
injectivity of φ. It will then follow that S(K) = Span(G) and since G ⊂ T that
S(K) = Span(T ).
Suppose Q 6∈ Span(G). Let R ∈ G and m be the unique K-line joining Q and
R. Since G = T \ ΓQ(K) we know that m 6⊂ S. Therefore m · S = Q + R + Q
′
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where Q′ ∈ S(K), Q′ 6= Q and is uniquely determined by m. Since Q 6∈ Span(G)
we must have Q′ ∈ B. This defines an injective map φ : G→ B with φ(R) = Q′.
It now remains to show that |T | > 12 |S(K)|+
q+1
2 =⇒ |G| > |B|. Since Q is a
K-point and does not lie on any K-lines in S we know that either ΓQ is the union
of three lines defined over a cubic extension of K that are Galois conjugates and
that Q is an Eckardt point, or that ΓQ is an irreducible cubic curve with a singular
point at Q. The following table gives the possibilities for the size of ΓQ(K) [4].
Form of ΓQ #ΓQ(K)
3 Fq3-lines and Q Eckardt 1
cusp at Q q + 1
split node at Q q
non-split node at Q q + 2
Recall
|T | >
1
2
|S(K)|+
q + 1
2
,
and
|ΓQ(K)| ≤ q + 2.
From this we obtain
|G| = |T \ ΓQ(K)|
≥ |T | − (q + 2)
>
(
1
2 |S(K)|+
q+1
2
)
− (q + 2)
= |S(K)| −
(
|S(K) + q+12
)
− 1
> |S(K) \ T | − 1
= |T ′ \ {Q}|
= |B|,
which completes the proof. 
It now remains to show that we can generate enough points on S to apply the
pigeonhole principle. The following lemmas will be useful. Note that from now on
we may assume that the Gauss map on any K-line in S is separable.
Lemma 5. Let K be a field containing at least 8 elements. Let S be a smooth cubic
surface defined over K containing exactly three K-lines, ℓ1, ℓ2, ℓ3, that meet in an
Eckardt point E and not all of ℓ1 ℓ2, ℓ3 contain K-rational Eckardt points other
than E. Then
ℓ2(K) ∪ ℓ3(K) ⊂ Span(ℓ1(K)).
Proof. First note that if the characteristic of K is 2 and γℓi is inseparable for any
of i = 1, 2, 3 then the result follows from Lemma 4. Thus we may assume that γℓi
is separable for i = 1, 2, 3.
Let Ω′ = {Q ∈ S(K)|E ∈ ΓQ}. This is a sextic curve in P
3
K defined over
K [3], [1]. By Lemma 1 we have ℓ1 ∪ ℓ2 ∪ ℓ3 ⊂ Ω
′. We denote by Ω the cubic curve
such that Ω′ = Ω ∪ ℓ1 ∪ ℓ2 ∪ ℓ3.
Without loss of generality, let ℓ2 contain no K-rational Eckardt points other
than E. Let P ∈ ℓ1(K) \ {E} be non-Eckardt. Then ΓP = ℓ1 ∪ C where C is an
absolutely irreducible conic defined over K.
Suppose Ω is reducible and therefore could contain C as a component. Then Ω
must be the union of a linear and quadratic component, both defined over K. This
cannot occur because Ω ⊂ S, ℓi 6⊂ Ω for i = 1, 2, 3, but by the hypotheses of the
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lemma ℓ1, ℓ2, ℓ3 are the only K-lines in S. Therefore Ω is irreducible and does not
contain C.
By Bezout’s Theorem the number of points of intersection between Ω ∪ ℓ1 and
C is at most 4 · 2 = 8. Therefore C(K) \ (Ω ∪ ℓ1) contains at least one point.
Let Q ∈ C(K) \ (Ω ∪ ℓ1). Consider ΓQ. This is an absolutely irreducible cubic
curve with a singular point at Q. Hence ΓQ(K) ⊂ Span(Q). The intersection point
R = ΠQ ·ℓ2 ∈ ΓQ is a K-point since it is the intersection of a K-line and a K-plane,
and R 6= E since Q 6∈ Ω′. Therefore
R ∈ Span(Q) ⊂ Span(ℓ1(K)).
By applying Lemma 3 we see that
ℓ2 ⊂ Span(R) ⊂ Span(ℓ1(K)).
We perform secant operations on the points of ℓ1(K) and ℓ2(K) to obtain
ℓ3(K) ⊂ Span(ℓ1(K) ∪ ℓ2(K)),
from which the result follows. 
Lemma 6. Let K be a field containing at least 17 elements. Let S be a smooth
cubic surface defined over K containing exactly three K-lines, ℓ1, ℓ2, ℓ3, that meet
in a K-rational Eckardt point E. Then
ℓ2(K) ∪ ℓ3(K) ⊂ Span(ℓ1(K)).
Proof. If the characteristic of K is 2, then the result follows from Lemma 4 and
Lemma 5. Likewise if any of ℓ1, ℓ2, ℓ3 contains no K-rational Eckardt points other
than E then the result follows from Lemma 5. Thus we may assume that each of
ℓi, i = 1, 2, 3, contains precisely one K-rational Eckardt point other than E, which
we will denote Ei respectively. The Ei are all of type( 7).
Let Ω′E = {Q ∈ S(K)|E ∈ ΓQ} and Ω
′
E2
= {Q ∈ S(K)|E2 ∈ ΓQ}. Let ΩE
denote the cubic curve such that Ω′E = ΩE ∪ ℓ1 ∪ ℓ2 ∪ ℓ3 and ΩE2 denote the cubic
curve such that Ω′E2 = ΩE2 ∪ ℓ2 ∪m∪m
′ where m and m′ are the Galois conjugate
lines in S passing through E2. Note that ΩE and ΩE2 are both defined over K.
Let P ∈ ℓ1(K) be a non-Eckardt point. Then ΓP = C ∪ ℓ1 where C is an
absolutely irreducible conic defined over K. As in the proof of Lemma 5, ΩE
cannot contain C since it cannot contain a K-rational linear component. Note that
ΩE2 does not contain ℓ1 or ℓ3 since E is a parabolic point and hence ΠE is the
tangent plane of no point other than E in ℓ1 ∪ ℓ3. Thus, similarly, ΩE2 does not
contain C.
Once again we apply Bezout’s Theorem to obtain that the number of points of
intersection between ΩE ∪ ℓ1 and C is at most 4 · 2 = 8, and the number of points
of intersection between ΩE2 and C is at most 3 · 2 = 6. Therefore C(K) \ (Ω ∪ ℓ1)
contains at least three points since K contains at least 17 elements.
Let Q ∈ C(K) \ (ΩE ∪ ℓ1 ∪ΩE2). Consider ΓQ. This is an absolutely irreducible
cubic curve with a singular point at Q. Hence ΓQ(K) ⊂ Span(Q). The intersection
point R = ΠQ · ℓ2 ∈ ΓQ is a K-point since it is the intersection of a K-line and a
K-plane and is not equal to E or E2 since Q 6∈ Ω
′
E ∪ Ω
′
E2
. Therefore
R ∈ Span(Q) ⊂ Span(ℓ1(K)).
By applying Lemma 3 we see that
ℓ2 ⊂ Span(R) ⊂ Span(ℓ1(K)).
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We perform secant operations on the points of ℓ1(K) and ℓ2(K) to obtain
ℓ3(K) ⊂ Span(ℓ1(K) ∪ ℓ2(K)),
from which the result follows. 
From Lemmas 4, 3, 5 and 6 we obtain the following result.
Corollary 1. Let K be a field containing at least 16 elements or K = F8. Let S
be a smooth cubic surface defined over K containing at least one K-line, ℓ. Let
P ∈ ℓ(K) be a non-Eckardt point. Then
⋃
Q∈ℓ(K)
ΓQ(K) ⊆ Span(P ).
The following lemmas show that there exists a set T ⊂ Span(P ), for some P ∈
S(K), such that |T | > 12 |S(K)|+
q+1
2 , thus completing the proof of Theorem 2.
Lemma 7. Let S be a smooth cubic surface defined over a field K containing at
least one K-line, ℓ, and no pair of skew K-lines. Let Γ = Π · S be of type (1), (3)
or (5) and Γ = C ∪ ℓ. Let P ∈ C(K)\ ℓ(K). Then P does not lie on a K-line in S.
Proof. Suppose P ∈ C(K) lies on a K-line in S, which we will denote by m. By
the hypotheses of the lemma m cannot be skew to ℓ therefore m is coplanar to ℓ
hence contained in Π. Thus m ∪ ℓ ∪ C ⊂ Γ. But Γ is a plane cubic curve so we
arrive at a contradiction and P does not lie on a K-line in S. 
Lemma 8. Let K be a field containing at least 13 elements. Let S be a smooth
cubic surface defined over K containing at least one K-line, ℓ, but no pair of skew
K-lines, and such that the Gauss map on any K-line in S is separable. Let Π be a
plane through ℓ such that Γ = Π · S is of type (3) and Γ = C ∪ ℓ. Then there exists
a point P ∈ C(K) such that Γ(K) ⊂ Span(P ).
Proof. Let E be an Eckardt point in ℓ(K) if such a point exists. There are precisely
twoK-lines through E in Π that are tangent to C, i.e. there are precisely two points
in C(K) such that E lies in their tangent planes. As there are at most two Eckardt
points in ℓ(K) there are at most four points in C(K) that generate an Eckardt
point in ℓ(K) upon performing a tangent operation.
Let Q ∈ C(K) be neither an Eckardt point nor a point that has an Eckardt point
in ℓ(K) in its tangent plane. We know that such a point exists as any Eckardt point
in C(K) must be the intersection point of three Galois conjugate lines defined over
a cubic extension of K. There are a maximum of 26 such lines, since ℓ is a K-line,
and each can contain no more than one K-point. Therefore there are a maximum
of 8 Eckardt points in C(K). Since there are at least 13 elements in our field we
are guarenteed the existence of such a point.
Consider ΓQ. This is an absolutely irreducible cubic curve with a singular point
at Q. The point R = ΠQ · ℓ is a K-point and hence R ∈ ΓQ(K) ∈ Span(Q). Note
that R is not Eckardt due to our choice of Q. We now apply Lemma 3 to obtain
ℓ(K) ⊂ Span(R) ⊂ Span(Q). Secant operations on Q and the points of ℓ(K) give
C(K) ⊂ Span(ℓ(K)) ⊂ Span(Q),
which completes the proof. 
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We can now prove the main result. Before doing so it will be useful to note the
following values of #Γ(K) for the cubic curves in S of types (1) to (7), which all
follow from the fact that lines and absolutely irreducible conics in S are copies of
P1K and hence have q + 1 points.
Form of Γ #Γ(K)
(1) 2q
(2) 3q
(3) 2q + 2
(4) q + 2
(5) 2q + 1
(6) 3q + 2
(7) q + 1
Proof of Theorem 2. When S contains a K-line upon which the Gauss map is in-
separable the result follows from Lemma 4. Therefore it remains to show that the
result holds when the Gauss map on all K-lines in S(K) are separable. We want
to show that we can can generate enough points to invoke Proposition 1 and hence
generate all of S(K).
Let n be the number of non-parabolic points in ℓ(K). Note that n must be even
because γℓ has degree 2. In fact we have
n = q when char(K) = 2
n = q ± 1 when char(K) 6= 2
There are precisely q+1 distinct K-planes through ℓ. For P ∈ ℓ(K) parabolic we
have have ΠP of type (5), (6) or (7). Since γℓ maps pairs of non-parabolic points in
ℓ(K) to K-planes through ℓ, of the remaining K-planes precisely n2 are of type (1)
or (2), and n2 are of type (3) or (4). By the configuration of the 27 lines in S there
are exactly ten K-lines in S intersecting ℓ. Hence there are at most five K-planes
of type (4). We are therefore guaranteed the existence of a plane of type (3) since
n
2 > 5 for all q ≥ 13.
Let Π be such a plane of type (3), let Γ = Π · S and Γ = C ∪ ℓ where C is an
absolutely irreducible conic defined over K. We wish to generate a non-Eckardt
point in ℓ(K) by a tangent operation on a point in C(K). By Lemma 8 we know
that there exists P ∈ C(K) such that Γ(K) = C(K) ∪ ℓ(K) ⊂ Span(P ). By
Lemma 1 we can also generate ΓQ(K) for all Q ∈ ℓ(K). Every other point in S
lies in a plane of type (3) or (4). Let T be the set of points that we have already
generated and T ′ = S(K) \ T .
#T ≥ 2q + 2 (≤ #Γ(K))
+ 0 (≤ #(ΓQ(K) \ ℓ(K)) for Q ∈ ℓ(K) parabolic)
+ n2 · (q − 1) (≤ #(ΓQ(K) \ ℓ(K))) for Q ∈ ℓ(K) otherwise)
Likewise we have
#T ′ ≤
(n
2
− 1
)
· (q + 1).
Therefore
|T | ≥


q2+2q+5
2 if n = q − 1
q2+3q+4
2 if n = q
q2+4q+3
2 if n = q
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and
|T ′| ≤


q2−2q−5
2 if n = q − 1
q2−q−2
2 if n = q
q2−1
2 if n = q + 1
.
Notice that this gives us |T | > |T ′|+ q + 1 for all values of n, and that
|T | >
1
2
|S(K)|+
q + 1
2
⇐⇒ |T | > |T ′|+ q + 1.
Thus |T | > 12 |S(K)| +
q+1
2 , from whence we can invoke Proposition 1 to complete
the proof. 
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